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Abstract
4He (i.e., α particle) and 6He emissions from possible molecular states in beryllium and carbon isotopes have been investigated using a mean-
field-type cluster potential. Calculations can reasonably describe the α-decay widths of studied states in beryllium and carbon isotopes, and also
20Ne, compared with experiments. For the nucleus 10Be, we discussed α-decay widths with different shapes or different decay modes, in order
to understand the very different decay widths of two excited states. The widths of 6He decays from 12Be and α decays from 13,14C are predicted,
which could be useful for future experiments.
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Open access under CC BY license.The experimental search for molecular-type structures in
light nuclei is of increasing interest. The Ikeda diagram as a
guideline reveals that cluster structures in light nuclei are ex-
pected to appear in the vicinities of decay thresholds [1]. Evi-
dences for dimers in beryllium isotopes and polymers in carbon
isotopes have been summarized by von Oertzen [2]. It is con-
vincing that the large moments of inertia in rotational cluster
bands correspond to molecular-like structures. For cluster states
above thresholds, one can further understand their properties
through the measurements and calculations of cluster decay
widths. The model calculations of decay widths usually involve
cluster potentials that can be related to the angular momenta
and possible deformations of nuclear states, providing useful
structure information about cluster states.
In the nucleus 8Be, a rotational cluster band and its decay
property have been well established based on the α–α struc-
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Open access under CC BY license.ture [3]. In heavier beryllium isotopes, two α-particles and
additional valence neutrons can give rise to covalent molec-
ular binding. Recent experiments have observed the α + 6He
decay from excited states in 10Be [4,5] and the 6He + 6He de-
cay in 12Be [6,7], suggesting molecular structures in the nuclei
[4–7]. Different molecular states in 10Be and 12Be have been
discussed by antisymmetrized molecular dynamics (AMD) cal-
culations [8,9]. It is intriguing that carbon isotopes with three
α-clusters can have two different configurations: triangular and
chain. For 13C and 14C, cluster bands based on the α + 9Be and
α + 10Be structures have been proposed [2,10,11], respectively,
with increasing experimental interests in the measurements of
their α decays [12,13].
Many theoretical works (e.g., [14–20]) have shown the suc-
cess of the WKB approach in the calculations of cluster decay
lifetimes for the various mass regions of nuclei. With the com-
bining use of the Bohr–Sommerfeld quantization, Buck et al.
have achieved the calculations of spectra of rotational cluster
bands using macroscopic cluster potentials [21]. Recently, we
suggested a microscopic cluster potential based on the mean-
field model [22]. The mean-field-type cluster potential has been
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times of ground states (g.s.) in even–even heavy nuclei, without
raising any adjustable parameter [22]. In the present work, we
extend our calculations by including the deformations and an-
gular momenta of cluster states. We focus on the cluster decays
of excited states in light nuclei, particularly in beryllium and
carbon isotopes that are attracting great interest in experiments.
The cluster potential in quantum tunnelling calculations can
be written as (e.g., [14])
(1)V (r) = VN(r) + VC(r) + h¯
2
2μr2
(
L + 1
2
)2
,
that contains the nuclear potential VN(r), the Coulomb poten-
tial VC(r) and the Langer modified centrifugal potential with L
and μ for the angular momentum of the cluster and the reduced
mass of the cluster-core system, respectively [14]. In our previ-
ous work [22], the nuclear potential between the cluster and the
remaining core has been suggested as follows,
(2)VN(r) = λ
[
Ncvn(r) + Zcvp(r)
]
,
where λ is the folding factor; Nc and Zc are the neutron and
proton numbers of the cluster, respectively; vn(r) and vp(r)
are the single-neutron and -proton potentials (excluding the
Coulomb potential), respectively, generated by the core. The
single-particle potentials are obtained using the self-consistent
Skyrme–Hartree–Fock (SHF) model with the SLy4 force [23].
In the SHF model, single-particle potentials are calculated by
using neutron and proton densities that are obtained from the
nucleon wave functions of the SHF calculation [24]. There-
fore, the mean-field-type cluster potential, due to the interde-
pendence of neutron and proton densities, contains a depen-
dence on nucleon numbers, i.e., an isospin dependence, in a
self-consistent manner. The Coulomb potential VC(r) is well
defined physically and should not be folded. We have approxi-
mated the Coulomb potential by VC(r) = Zcvc(r), where vc(r)
is the single-proton Coulomb potential calculated with the den-
sity of the protons in the core.
The folding factor λ is determined using the Bohr–Sommer-
feld quantization condition [14],
(3)
r2∫
r1
√
2μ
h¯2
∣∣Q∗L − V (r)∣∣= (2n + 1)π2 = (G − L + 1)π2 ,
where r1, r2 (and r3 later) are classical turning points obtained
by V (r) = Q∗L (the decay energy). The global quantum number
G = 2n+L (n is the node number in the radial wave function of
the cluster tunnelling motion) is determined by the Wildermuth
rule [25], depending on the configurations of cluster nucleons.
The cluster decay energy from an excited state is given by
(4)Q∗L = Q0 + E∗J ,
where Q0 is the decay energy from the ground state, and E∗J is
the excitation energy of a given state with the spin of J . The de-
cay process can occur only if the state has a positive Q∗L value
(i.e., above threshold). Since the decay calculation is very sen-
sitive to the Q∗L value, experimental Q0 and E∗J values have
been adopted in calculations.The partial cluster decay width is calculated by (see, e.g.,
[14])
(5)Γ = P (h¯
2/4μ) exp[−2 ∫ r3
r2
dr k(r)]∫ r2
r1
dr/2k(r)
,
where k(r) =
√
2μ
h¯2
|Q∗L − V (r)| is the wave number, and P
is the preformation factor of the cluster being formed in the
mother nucleus. For even–even nuclei, it has been shown that
the extreme P = 1 assumption under the use of the Bohr–
Sommerfeld condition can well reproduce the experimental
half-lives of various cluster decays [14,22]. The decay half-life
can be obtained by T1/2 = h¯ ln 2/Γ .
Usually, nuclei can be treated as spherical systems in the
tunnelling calculations of cluster decays [14–22]. The formulae
above give a simple one-dimensional calculation of the cluster
decay. For nuclei with very large deformations, however, the
deformation modification may be needed. As an approximation
for axial deformed nuclei, the decay width can be modified by
averaging widths in the various directions of the space as fol-
lows [26]
(6)Γ =
π/2∫
0
Γ (θ) sin θ dθ,
where Γ (θ) is the decay width of the cluster emitted in the di-
rection of a θ -angle away from the symmetry axis, calculated
using the one-dimensional formulae above. In the deformation
case, deformed potentials are needed, that can be obtained by
the shape-constrained SHF calculation [27]. For simplicity, the
folding factor λ determined at the spherical shape has been
used.
In our previous work [22], the cluster decays of heavy nuclei
have been investigated. However, recent experiments suggest
that the decays of light nuclei are more challenging due to their
interesting cluster structures, particularly for exotic states. As
the examples of the cluster decays of light nuclei, we have
firstly calculated the 8Be and 20Ne nuclei in which α-cluster
structures have been well known [25], with rotational cluster
bands (spectra) observed [28]. Their cluster properties have
been well described by the semiclassical cluster model [3,21].
In calculations, one needs to determine the global quantum
number G. For 8Be, we take G = 4 for the g.s. band, accord-
ing to the Wildermuth rule [25]. In 20Ne, G = 8 has been taken
for the Kπ = 0+ g.s. band and G = 9 for the Kπ = 0− band,
as discussed in Refs. [21,25]. Calculated results at the spheri-
cal shape are given in Table 1. It can be seen that the present
calculations agree well with experimental widths [28] within a
factor of 3. 20Ne is an interesting nucleus that can have very dif-
ferent structures for different states. While the Kπ = 0− band
with the sequence of Jπ = 1−,3−, . . . ,9− has an almost pure
α + 16O cluster structure, the 0+ g.s. band has a considerable
mixture of the cluster configuration and the deformed mean-
field structure [29]. For the 0− band, both experiments and our
calculations give large α-decay widths that are comparable with
the Wigner limit [29], indicating the significant α + 16O cluster
structure.
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Calculated α-decay widths of excited states in 8Be and 20Ne, compared with
experimental data [28]
Jπ E∗
J
[28]
(MeV)
(G,L) Γα(cal.)
(keV)
Γα(expt.)
(keV)
8Be (Q0 = 91.8 keV)
0+ 0.00 (4, 0) 7.8 eV 6.8 ± 1.7 eV
2+ 3.04 (4, 2) 1.6 × 103 1.5 × 103
4+ 11.40 (4, 4) 2.3 × 103 ≈ 3.5 × 103
20Ne (Q0 = −4.729 MeV)
6+ 8.78 (8, 6) 0.17 0.11 ± 0.02
8+ 11.95 (8, 8) 90 eV 35 ± 10 eV
1− 5.79 (9, 1) 18 eV 28 ± 3 eV
3− 7.16 (9, 3) 4.7 8.2 ± 0.3
5− 10.26 (9, 5) 54 145 ± 40
7− 15.37 (9, 7) 120 110 ± 10
9− 22.87 (9, 9) 116 225 ± 40
Table 2
Calculated and experimental widths of observed α decays from the 2+ and 4+
states of the 0+2 cluster band in 10Be (Q0 = −7.413 MeV). Calculations have
been performed at spherical (Γα (sph.)) and deformed (Γα (def.)) shapes. Γα (z-
axis) is the calculation assuming the α particle emitting along the symmetry
axis only
Jπ E∗
J
(MeV) Γα(sph.) Γα(def.) Γα(z-axis) Γα(expt.)
2+ 7.54 [4] 0.51 eV 0.85 eV 4.1 eV 22 ± 7 eV [4]
4+ 10.15 [5] 35 keV 97 keV 584 keV 130 keV [5]
In light nuclei, more interesting are exotic molecular states
with additional covalent neutrons moving between clusters
[4–7]. Excited molecular-like states with an α:2n:α cluster
structure in 10Be [4,5] and an α:4n:α structure in 12Be [6,7]
have been suggested experimentally. In 10Be, a rotational clus-
ter band with the members of 0+2 (6.18 MeV), 2+ (7.54 MeV)
and 4+ (10.15 MeV) has been established in experiments
[5,30]. The 2α structure leads to the elongated shapes of the nu-
clei. Predicted by the molecular orbital model [31], the distance
between two α-particles in the 0+2 state of 10Be is about 4 fm,
which gives an axis ratio of 2.5:1, corresponding to a prolate
deformation of β2 ≈ 1.1. At such a large prolate deformation,
the states of the 0+2 cluster band have two valence neutrons oc-
cupying the sd1/2 orbits [31], which leads to a global number
of G = 6 in our WKB calculations. Table 2 lists calculated α-
decay widths for states belonging to the Kπ = 0+2 cluster band
in 10Be. The bandhead (i.e., the 0+2 state) has a negative Q∗L
value (i.e., below threshold) and hence no α decay happens for
the state.
From Table 2, it can be seen that calculations at the spheri-
cal shape give much smaller α-decay widths than experimental
data. The observed width of the 4+ state can be reasonably re-
produced in the calculation with the deformation of β2 = 1.1.
However, the decay width of the 2+ state is still much under-
estimated. The 2+ state is above the decay threshold by only
127 keV. For a state near threshold, the decay width is partic-
ularly sensitive to the decay energy. We find that an increase
of only 50 keV in the decay energy can reproduce the exper-
imental decay width of the 2+ state. Considering the α:2n:αTable 3
Calculated 6He-decay widths of states belonging to the Kπ = 0+3 band in 12Be
(Q0 = −10.11 MeV). Experimental excitation energies E∗J are taken from [6].
AMD predictions [9] are also given for comparison
Jπ E∗
J
(MeV) Γ6He(sph.) (keV) Γ6He(def.) (keV) Γ6He [9] (keV)
0+3 10.9 410 620 700
2+ 11.3 285 300 1
4+ 13.2 190 280 7
6+ 16.1 34 110 16
8+ 20.9 3.7 18
molecular structure in the 0+2 band [5], we suggest another pos-
sibility in which the α particle emits along the z-axis only (i.e.,
the long axis in the prolate shape). Such a calculation gives a
significantly improved decay width for the 2+ state (see Ta-
ble 2). However, the width of the 4+ state is overestimated. In
Refs. [31,32], it was pointed out that the states of the 0+2 band
could contain the mixture of the 5He + 5He configuration. The
mixture would be more remarkable for the 4+ state because it
is almost on the 5He + 5He decay threshold. The 5He + 5He
mixture results in a reduction of the α-decay width.
In the neutron-rich nucleus 12Be, resonance states have
been observed, decaying to α + 8He and 6He + 6He channels,
which suggests molecular cluster states [6,7]. AMD calcula-
tions showed that the resonance can happen in molecular states
built on the 0+3 configuration [9]. Considering that the highest
excited state in the 0+3 band is the 8+ level [6,7], we take G = 8
in the 6He+6He decay calculation. The spherical and deformed
calculations have been performed (given in Table 3) with com-
parison with AMD predictions [9]. Given by AMD calculations
[9], β2 = 0.7 has been taken in the deformed calculations. As
predicted in [9], the 6He-decay width of the 0+3 state is very
large, partly due to the lack of the centrifugal barrier. Listed in
the last column of Table 3, AMD calculations gave a dramatic
decrease in widths from the 0+3 state to the J  2 states, which
means remarkable reductions in the preformation factors of the
6He cluster in the J  2 states [9]. To check theoretical predic-
tions, the experimental measurements of the 6He-decay widths
are required. The measurement is also very helpful for the bet-
ter understanding of the molecular structure [6].
Compared with beryllium isotopes, carbon nuclei have more
complicated geometric structures with three α-clusters. As sug-
gested in Refs. [10,11], there are possible prolate (chain) and
oblate (triangular) cluster structures in carbon isotopes. The
chain and triangular structures can lead to different decay
widths. Fig. 1 shows a schematic picture for two possible α-
decay modes in 12C. An α–α core has been assumed, which
gives a deformed cluster potential with an axis ratio of 2:1
(corresponding to β2 = 0.8). In 12C, it has been well known
that there are an oblate g.s. band with 0+, 2+, 4+ members
and a negative-parity oblate band built on the 3− (9.641 MeV)
state (though the 4− and 5− levels have not been found exper-
imentally) [13]. For carbon isotopes, we have calculated their
α-decay widths with assuming the α particle emitting in the
direction of θ = π/2 (oblate) or θ = 0 (prolate), as shown in
Fig. 1. Experimentally, the partial widths of the α decays have
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sponding to the prolate (chain) and oblate (triangular) structures.
Table 4
Calculated α-decay widths of excited states in carbon isotopes. Experimental
total decay widths (Γ ) and excitation energies (E∗
J
) are taken from [28] for
12,13C and from [11] for 14C
Jπ E∗
J
(MeV) (G,L) Γα(cal.) (keV) Γ (expt.) (keV)
12C (Q0 = −7.366 MeV)
3−1 9.641 (5, 3) 17 34 ± 5
4+1 14.08 (4, 4) 158 258 ± 15
0+2 7.654 (6, 0) 5.9 eV 8.5 ± 1.0 eV
13C (Q0 = −10.647 MeV)
Kπ = 3/2−
5/2− 10.82 (6, 2) 0.2 eV 24 ± 3
7/2− 12.44 (6, 2) 84 140 ± 30
9/2− 14.13 (6, 4) 32 ≈ 150
11/2− 16.08 (6, 4) 316 150 ± 15
Kπ = 3/2+
3/2+ 11.08 (7, 1) 41 eV  4
5/2+ 11.95 (7, 1) 100 500 ± 80
7/2+ 13.41 (7, 3) 112 35 ± 3
9/2+ 15.28 (7, 3) 888
11/2+ 16.95 (7, 5) 125 330
14C (Q0 = −12.011 MeV)
5− 14.87 (7, 5) 0.4 35
6+ 16.43 (6, 6) 0.12 35
3− 12.58 (7, 3) 22 eV 95
5− 15.18 (7, 5) 31 50
7− 18.03 (7, 7) 14 70
6+ 14.67 (6, 6) 0.21 40
not been available. However, the states have almost pure α-
decay channels [28,33], and hence we use the total decay width
Γ for comparison. Shown in Table 4, oblate calculations give
reasonable widths compared with experimental total widths.
Prolate calculations give 243 keV and 2.2 MeV for the α-decay
widths of the 3−1 and 4
+
1 states, respectively, that are one order
of magnitude larger than the oblate calculations. Therefore, our
calculations support triangular cluster structures for the 3−1 and
4+1 states. The 0
+
1 and 2
+
1 states of the g.s. band are below the
threshold without α decay happening.
In 12C, there is a famous excited 0+ state (Hoyle state) that
was predicted by Hoyle in 1950s to understand the observed
abundance of 12C in the universe [34]. The excitation energy
of the 0+2 state should be near the threshold of the α + 8Be
fusion, in order to obtain the accelerated synthesis of the 12Celement in the beginning of the universe [34]. The Hoyle state
was confirmed soon experimentally at the excitation energy of
7.654 MeV [35]. The α decay of the 0+2 state has been studied
with the triple cluster model [33]. This state has a decay energy
of 288 keV to α + 8Be(g.s.) and an energy of 380 keV to the 3α
channel. For the decay to α+8Be, the present calculation with a
chain structure (β2 = 0.8) gives an α width of 5.9 eV that agrees
with the observed value of 8.5 eV. The calculation assuming
a triangular configuration leads to a smaller width of 1.6 eV.
For the decay to the 3α channel with a triangular structure, our
model estimates a width of 36 eV that is close to the predictions
of the AMD [36] and triple cluster models [33]. However, the
contribution of the direct 3α decay to the total width is less
than 4%, determined in the experiment [37]. Hence, the chain
cluster decay to α + 8Be would dominate the decay of the 0+2
state in 12C.
In the neutron-odd isotope 13C, the Kπ = 3/2± bands built
on the α + 9Be (3/2−, g.s.) configuration have been suggested
experimentally [10]. The parity doublet bands are related to
reflection-asymmetric chain configurations, corresponding to a
large prolate deformation [10]. We assume that the core (i.e.,
9Be) has a similar deformation to that of the ground state of
10Be with β2 ≈ 0.6 estimated experimentally [38]. In α-width
calculations, we take G = 6 and 7 for the Kπ = 3/2− and 3/2+
bands, respectively, considering the different parities of these
two bands. The angular momentum L that the α particle car-
ries is obtained by the angular momentum selection among the
mother, daughter and α particle. Furthermore, for the odd nu-
cleus 13C, we take a preformation factor of P = 0.6 that was
adopted in the systematic α-decay calculations of odd nuclei
in Ref. [14]. The calculated α widths of the Kπ = 3/2± band
members are listed in Table 4. Experimental partial α-widths
have not been available, but we give the experimental total de-
cay widths Γ [10,28] for comparison.
Calculated α widths in 13C are in general smaller than exper-
imental total widths, as expected. However, calculated values
for 11/2− (16.08 MeV) and 7/2+ (13.41 MeV) states [10] are
larger than experimental total widths. In Ref. [28], the 16.08
and 13.41 MeV states were assigned with other possible config-
urations of 7/2+ and 9/2−, respectively. The recent experiment
[13] suggests that the 16.08 MeV state has a positive parity and
the 13.41 MeV state has an oblate structure. Calculations can be
changed significantly due to the different assignments of con-
figurations.
The heavier carbon isotope, 14C, is attracting great interest
in experiments, with triangular and chain cluster bands sug-
gested [11]. Also in Table 4, we give our predictions for the
α widths of 14C decaying to the g.s. of 10Be. In the table, the
first two states (i.e., 14.87 and 16.43 MeV states) have trian-
gular structures and other states have chain shapes [11]. The
calculated width of the 3− (12.58 MeV) state is remarkably
smaller than the experimental total width. This would indicate
that the neutron emission dominates the decay of the state that
is near the α-decay threshold. The α-decay channel from the
6+ (16.43 MeV) state to the excited 2+ (3.37 MeV) state of
10Be has been observed though it is very weak [39]. The decay
width in the present calculation is estimated to be 5 eV, giving
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Calculated α widths of highly excited states in 14C decaying to the g.s. and the
first 2+ state of 10Be
18.5 MeV 19.8 MeV
Jπ 10Be(g.s.) 10Be(2+) 10Be(g.s.) 10Be(2+)
4+ 1.2 MeV 0.8 MeV 2.7 MeV
6+ 11 keV 30 keV 41 keV 230 keV
5− 0.28 MeV 0.39 MeV 0.7 MeV 1.2 MeV
7− 0.8 keV 2.3 keV 3.5 keV 25 keV
a small branching ratio of 4% relative to the channel to the g.s.
of 10Be.
In 14C, it is interesting that higher excited states at the excita-
tion energies of 18.5 and 19.8 MeV have strong decay channels
to both the g.s. and the first 2+ state of 10Be [12,39]. No exper-
imental assignments of spins and parities have been available
for these two states. We estimated their α-decay widths with
assuming Jπ = 4+, 6+ (G = 6) and Jπ = 5−, 7− (G = 7).
Calculations are preformed with the simple spherical shape. As
shown in Table 5, the calculated α widths are sensitive to the as-
signments of angular momenta. With the spins of J = 4 and 5,
broad widths are obtained for both channels, as observed in ex-
periments [12,39].
In summary, we have investigated helium-cluster decay
widths in beryllium and carbon isotopes using a mean-field-
type cluster potential in the WKB approach. The cluster poten-
tial is obtained from the self-consistent Skyrme–Hartree–Fock
calculation, containing the isospin dependence automatically.
The calculations give, in general, the good descriptions of clus-
ter decay properties in the isotopes. With deformed cluster
potentials, we have discussed the helium-decay widths of ex-
cited 2α molecular states in 10,12Be and 3α triangular and chain
states in 12,13,14C. However, deformation parameters that have
been used in the calculations are not observable, and their val-
ues are usually model-dependent. Systematic comparisons with
existing experimental data have been made, providing some
useful information about the structures and decay modes of
the cluster states. In the present work, we have focused mainly
on cluster decays from the excited states of mothers to the
ground states of daughters. For highly excited resonance states,
however, decays to the excited states of daughters would be
possible.
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